ON CERTAIN MEAN VALUES OF THE DOUBLE 
ZETA-FUNCTION 



SOICHI IKEDA, KANEAKI MATSUOKA, AND YOSHIKAZU NAGATA 

Abstract. In this paper we discuss three types of the mean values of 
the Euler double zeta function. In order to get results we introduce three 
approximate formulas for this function. 



1. Introduction 

Let Si = cTi + iti and 52 = 0"2 + it2 with cri,cr2,ti,t2 G M. The Euler double 
zeta-function is defined by 



oo ^ oo 



This series is absolutely convergent for (T2 > 1 and cti + (12 > 2 [7]. We can 
continue C2('Si,S2) meromorphically to C^, which is holomorphic in 

{(si, S2) G I S2 ^ 1, si + S2 ^ {2, 1, 0, -2, -4, -6, . . . }} 

as was proved in pj. (The first study of the analytic continuation of C2(si, S2) 
is Atkinson's work in [2]. Akiyama, Egami and Tanigawa studied the analytic 
continuation of not only C2("5i, S2) but also more general multiple zeta-functions 
in [Tj. Zhao also obtained the continuation in [12] independently.) 

The analytic properties of C2('Si,S2) were studied by various authors (for 
example, Kiuchi-Tanigawa-Zhai [6j, Matsumoto [7], [8]). Recently, Matsumoto 
and Tsumura studied the mean values 

(1-2) ^ |C2(Sl,S2)rC?t2, 

where Si is a fixed complex number. This is the first study of the mean values 
of C2('Si, S2). In this paper we study (11. 2p in the regions which are not covered 
in the work of Matsumoto and Tsumura and introduce new types of mean 
values of C2(si,S2). This paper is inspired by Matsumoto and Tsumura [9]. 
In this paper we prove the following theorems. 

Theorem 1.1. Let si = ai + iti, S2 = (^2 + it2 E C, T > 2 and 



/W(r) = ^ 1(2(^1,^2) r^^ti. 
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Assume that when ti moves from 2 to T, the point (si,S2) G does not 
encounter the singularities of (2(81, S2). In the case ai + a2 > 2, we have 

jW(T)=cfk2ai,S2)T + 0(l), 

where the implied constant depends on S2 and C2^'(2(Ti, S2) is a series which 

converges cxi +(72 > 3/2 (we define (2\'^Ij ^2) in the next setcion). In the case 
3/2 < 0"! + a2 < 2, we have 

'0(T4-2-i-2-2 log ^ 1,3/2 < (71 + (T2 < 2), 

0((l0gT)2) (a2 7^ 1,(71 +(72 = 2), 

0(T2-2-i(l0gT)3) ((T2 = 1, 1/2 < (T2 < 1), 

yO{{\ogTY) (ai = (T2 = l). 



/W(T) = cfk2t^i,s2)T+o(ri/2)+<; 



/n t/ie case (7i + (72 = 3/2, ti;e /iave 
/W(T) ^ 



T log T + 0(T (log T) 



1/2N 



|S2-1| 

Theorem 1.2. Let Si = (Xi + iti, S2 = (72 + i)f:2 ^ C, T > 2 and 



/[2](T) 



|C2(Sl,S2)p(it2- 



Assume that when t2 moves from 2 to T, the point (si,S2) € does not 
encounter the singularities of (2(81, 82) ■ In the case (T2 > 1 and (Xi + (T2 > 2, 
we have 

/[2i(r) = cf(si,2(T2)r + o(i), 

where the implied constant depends on Si and ^^'(si, 2(72) is a series which 
converges (Xi + (T2 > 3/2 and (T2 > 1/2 ((l^^^i, 0-2) is used in [9j and we show 
the definition of (2^^1,(72) in the next section). In the case ai > 1 and 1/2 < 
(T2 < 1, we have 



/[2](T) = 4"(si, 2a2)T + 0(Ti/2) + 



/[2](T) = (si,2a2)r+0(rV2) + <; 



0(T2-2-M0gT) ((72^1), 
0((l0gT)2) ((X2 = 1). 

In the case a\ < 1, 3/2 < (7i + (72 < 2 and Si 7^ 1, ti;e have 

[ 0(T2-2-(logT)3) ((71 = 1, 1/2 < (72 < 1) 
0((l0gT)^) ((71 = (72 = 1), 

0^^4-2.1-2.. i^g^) (a, ^ 1, + ^2 ^ 2), 

|^0((l0gT)2) (ai^ 1,71 +(72 = 2). 

/n i/ie case (7i > 1 anc? 72 = 1/2, we have 

I^'\T) = |C(si)pTlogT + 0(r(logT)^/2). 

In the case cti + (T2 = 3/2 and 02 > 1/2, ti;e have 

1 



I^\T) 



1^1 -1| 



,riogT + o(T(iogr) 



l/2^ 
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Theorem 1.3. Let si = cxi + it, S2 = 0-2 + it G C, T > 2 and 

P{T) = j^\Usi,s,)\'dt. 

In the case cr2 > 1 and ai + 0-2 > 2, we have 

J°(T)=C2°(cri,a2)T + 0(l), 

where C,^{(Ti,a2) is a series which converges if and only if a2 > 1/2 and ai + 
cr2 > 1 (we define C2^(o'i,ct2) in the next section). In the case Ui > 1 and 
1/2 < (72 < 1, we have 

/°(T) = C^{ai, a2)T + 0{T^'^'''+') + 0{T^'^) 

for sufficiently small e > 0. In the case ai < 1 and 3/2 < ai + 0-2 < 2, we have 

P(T) = C2°(ai, a2)T + o(T^-2-i-2-2+e) + o{T^'^) 

for sufficiently small e > 0. In the case (Ti > 1 and 02 = ^jl, we have 

/°(T) X TlogT. 

Matsumoto and Tsumura introduced /^^'(T) and studied the cases 

(1) (Ti > 1 and 02 > 1 (Theorem 1.1 of [9]), 

(2) cTi + (T2 > 2 and 1/2 < (T2 < 1 (Theorem 1.2 of [9]), 

(3) 1/2 < (Ti < 3/2, 1/2 < (T2 < 1 and 3/2 < di + era < 2 (Theorem 1.3 of 
M)- 

Therefore our resuhs include the regions which Matsumoto and Tsumura did 
not study. Moreover, Matsumoto and Tsumura obtained 

(1.3) /[2](T) = C^^\s,,2a2)T + 0{T^^^'''{\ogTf) + 0{T'/^) 

in the case 1/2 < cxi < 1 and (T2 = 1. Therefore our resuh gives an improvement 
on the error estimate in (11. 3p . 

Outlines of the proof of our theorems are as follows. If (72 > 1 and ai + (72 > 2 
we can easily obtain the results by the mean value theorems for Dirichlet poly- 
nomials. In order to get the results in other regions we need suitable approxi- 
mate formulas in each case (cf. Theorem 3.1 and Theorem 6.3 in Matsumoto 
and Tsumura [H]). The approximate formulas used in the proof of Theorem 
11.11 and Theorem 11.21 are derived from the Euler-Maclaurin formula and the 
simplest approximate formula to ({s) due to Hardy and Littlewood or an inte- 
gral representation of C2 (-51,52) which was showed in [7]. We can easily prove 
Theorem 11.11 and Theorem 11.21 by these approximate formulas and the clas- 
sical lemma (see Lemma [2.4p . On the other hand we need a more elaborate 
method to get the proof of Theorem 11.31 In order to obtain the suitable ap- 
proximate formula for (2(0'! + it, 02 + it^ we need the technique of Kiuchi and 
Tanigawa [5] , which enables us to get good estimates of the error terms in the 
Euler-Maclaurin formula. 

In Theorem 11.11 (resp. Theorem II. 2p we regard S2 (resp. Si) as a constant 
term. On the other hand, from the study of Kiuchi, Tanigawa and Zhai [6J, 
we know that the behavior of |C2(si,S2)| depends on both s\ and S2 strongly. 
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Therefore it is also important to consider a mean value which depends on both 
Si and S2- 

From Theorem 11.11 and Theorem 11.21 we may expect that the behavior of 
(2(31,82) in the region cti + (T2 = 3/2 is special (see the conjecture raised by 
Matsumoto and Tsumura [9]). The error terms in Theorem 11.31 support their 
conjecture. However, we can take a different point of view. For the Riemann 
zeta function C(c + it), we know that 

£ \aa + tt)\'dtr^a2a)T 



for cr > 1/2 and 



|C(l/2 + it)pdt -TlogT 



hold (see, for example. Theorem 7.2 and Theorem 7.3 in [10]). The line a = 1/2 
is the critical line for C('^ + H) and the series 



n=l 



diverges on a = 1/2. On the other hand, (!^{(Ti,a2) converges if and only if 
^2 > 1/2 and cxi+a2 > 1. Moreover, if ai = (Xa > 1/2 then J°(T) ~ C?(c^i, (^2)T 
holds by 

\Cia + it)\^dt = OiT) 

for 0" > 1/2 (see Theorem 7.5 in ^Q\) and Carlson's mean value theorem (see p. 
304 in [H]). Hence we can expect that I^(T) ~ C2^(o"i, o"2)T holds for 0-2 > 1/2 
and (Ti + (T2 > 1 and the boundary of the region (T2 > 1/2 and Ui + 0-2 > 1 is 
an analogue of the critical line for C2(c"i + it, C2 + it)- 

2. Lemmas for the proof of Theorems 

In this section, we collect some auxiliary results and definitions. 
First, we give the definition of C2^^(cri, S2), C2^^(si,cr2) and C^{(Ti,(J2)- 
We define 



- lit - 

for S2 7^ 1. Since we have 



m=l 



n=l 



(2.1) 



m2-2-i-2-2 > 1) 

Cfk2ai,S2) « J2 { m-'^^'i^ogm)' (^2 = 1) 
m2-2-i-2a2 (^2 < 1), 



m=l 



the series C2^'(2cri, S2) converges in the region ai + 0-2 > 3/2. 
We define 

00 n— 1 2 



n=2 m=l 



1 
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(this definition is the same as [9]). Since we have 

-2(T2 

oo I "' 

(2.2) ^ 



[a, > 1) 

C?{si,2a,) « ^ \ n-2-(logn)2 (^i = 1) 



n=2 



the series C2^^(si, 2(T2) converges in the region (T2 > 1/2 and (Xi + 0-2 > 3/2. 
We define 



/c = 2 \ rnn — k 



^0-1^0-2 



We note that 7^{(m, n)|mn = k,m <n} k"^ for any e > 0. Since 

(2(2^1,2^2) <C2°(^l, ^2) 



(2.3) 



rmcri 



k=2 

00 

fc=2 



m|A; 
n<\/fc 



for any e > 0, the series ('^15^2) converges if and only if a2 > 1/2 and 

(Ti + (T2 > 1. 

Lemma 2.1 (Theorem 5.2 in |3]). Lei ai, ■ ■ ■ ,aAr 6e arbitrary complex num- 
bers. Then 



(2.4) 



n<Ar n<N \n<N J 



and the above formula remains also valid if N = 00, provided that the series 
on the right-hand side of (f^^P converges. 



The following lemmas are well-known results for ({s) (see [3] in p. 114). 
Lemma 2.2. Let s = a + it e C, m, N e N and M = 2m + 1. We have 



n<N 



2m 



where 



Rm,n{s 



+ Rm,n{s) 

^ {s)m 
' Ml 



Bm{x — [x])x 



dx. 



N 



Lemma 2.3. Let ao > 0, x > 1, C > and s = a -\- it & C with a > ctq. // 
|t| < 2ttx/C then 

+ 0{x-''). 

iir i — ."i 

l<n<x 
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Remark 2.1. By setting a; = t > 1 in Lemma [231 we have 



l<n<t 



Let si = (Ti +iti, S2 = (72 + it2 & C with ai + a2 > (Jq > 0. By setting ti > 1, 
s = Si + S2 and x = \ti\ + \t2\ in Lemma 1^751 we have 



l<n<ti 

for si + S2 7^ 1 and fixed S2- 

We use the following evaluations in this paper. 

Remark 2.2. Let Xi,X2 be positive real variables with 1 < Xi < X2- For any 
fixed a, (3 > 0, 



y — 

< ^ rlr -4- 



log Xo 



holds. 

Remark 2.3. Let G N with > 2. For any fixed c> 1 and d>0, 

yfl^«iv->giv)^ 

n>Af 

holds. 

The following lemma is important in the proof of Theorem 11.11 and 11.21 

Lemma 2.4. Let T > 2, s = a + it & C and {an} be a sequence of complex 
numbers. Suppose that there exist c G M and d > such that an ^ n'^(log(n + 
1))'^ holds. If 1/2 < a — c < 1 then we have 

r sr -s \, - Mrj.JO{T^-''^-^\\ogTr+^) (1/2 <a-c<l) 
^"'^'^ h \o{i}ogTr^-) {a-c=l). 

Proof. From the assumptions of the lemma, we can easily see that 

oo 

E 



\ak\ 

k=l 
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converges. Hence we have 



n<t 



a„n 



dt 



m<t n<t 



m<Tn<T 



M{m,n) 



— dt 



m,n<T 



0'mO'n{Gxp{iT \og{n/m)) — exp(zM(m, n) \og{n/m))} 



i{mnY \og{n/m) 

°''||2 / ||2\ / l|2 

fc=l ^ fc>T ^ ^k<T 

+o( E 



+ 



login / m) 
= A, + A2 + A3 + A4, 
say, where M{m,n) = max{m, n}. From Remark I2.3[ we have 



k>T 



Next, we have 



^ (log(A; + 



fc<T 



^2(<7-c)-l 



y2-2{a-c) (iQg y)2d (1/2 < a - C < 1) 

(logr)2'^+i (a-c = l) 



and 



■^-E E 

m<T 2m<i 
= 5i + ^2 



+ E E 



.mnY login / m) ^ ^ imnY login /m) 

m<T2m<n<T ^ ' I I m<T ■m<n<2m ^ ' I I 



say. Since log(?T,/m) > log 2 for 2m < n, we have 



[mn] 



«.«E E 

m<T 2m<n<T 

(log(m + 1)) 



E 

m<T 

' T^-^Y-'XlogTf^ (l/2<a-c<l) 
(logT)2'^+2 (a-c=l). 
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In order to evaluate B2, we write n = m+r (r = 1, . . . , m). Since x x log(l+a:) 
for X G [0, 1], we have 



''m+r I 



m<T r=l 

m 

m<T r=l 



log(l + r/m) 



I Oim+r I 



< m^~^''{m'=(log(m + l))'^}2log(m + 1) 

m<T 

= ^m^-2(-'=)(log(m + l))2'^+i 



Therefore we obtain 

< 



m<T 

rp2^2(a-c) (iQg ^)2d+l (1/2 < a - C < 1) 
(l0gT)2'^+2 (^_c^l)^ 



y2-2(a-c)(iQgy)2d+l (i/2<a-c<l^ 
(l0gT)2^+2 ((T-C=l). 



This imphes the lemma. □ 

In the proof of Theorem 1.1 we use the following integral representation of 
C2('5i,S2), which was showed by Matsumoto [7] in p. 425. 

Lemma 2.5. Let M he a positive integer. Suppose that e > zs small. For 
(72 > —M + e and Ui + cr2 > 1 — M + e, we have 

M-l 



C2(.i, .2) = ^^''^/_\- + E (T) ^(^^^ + + ^)^(-^)+ 

((■51 + S2 + z)({-z)dz, 



k=0 

1 f T(s2 + z)T(-z) 



2m Jf^M^e) r(s2) 
where the path of integration is the line = M — e. 

3. Proof of Theorem 11.11 

In this section, we regard constant. We divide the proof into three 

cases. 

Proof of Theorem M . 1\ for 02 > 2. We set 



^ n=l ^ 
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for m G N. If we assume ct2 > 1 then we have 



9 



C2(Sl,S2) = J2 ^aM ~s 
m=l 

oo 

= E 



m=l n=m+l 



a,r,m 



m=l 



The last series converges absolutely in cxi + (T2 > 2. Since 



00 00 ^ m ^ 



m=l 



m=l 



n=l 



converges by (12. ip . we have 



/W(T) = cfk2^i,S2)T + 0(l^ 



by Lemma I2.1[ 



□ 



In the case 3/2 < o"i + o"2 < 2, we use the following lemma. 

Lemma 3.1. Let si = ai + iti,S2 = 0-2 + ^2 E C with ti > 1. Assume that 
the point (si,S2) G does not encounter the singularities of (2(31, 82)- For 
(Ji + 0-2 > 1 and any fixed 82, we have 



1 / 1 \ 

m<ti ^ n=l ^ 



(Jl— (T2 ^ 



Proof. Let I G N with (72 > —21. First, we regard si and S2 as complex variables 
and assume cti, (T2 > 1. For any G N, we have 



(2(51,52) 



N 

^ — ^ ^ — ' ^ — ' rn"^ ^ — ' 

m=l n=m+l m=N+l n=m+l 



00 00 00 ^ 

— E — + E — E — = vi + i^2, 

nSi Z-^ riS2 Z-^ rnS\ Z-^ riS2 



say. Since 



m=l ^ n=l ^ 



10 
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Vi is continued meromorphically to C^. By setting M = 2/ + 1 in Lemma [2.21 
we have 



1 / m 



m=N+l 



,1— S2 



m 



-S2 ^^-1 R 




E 



oo 



,S2 hm 



^ + RM,m{s2) 



S2 



1 ^ 1 1^1 

"' ' m=N+l 

oo ^ oo ^ 



m=Af+l 



M-1 

+ 2^ . .., [S2)k 



m=N+l m=N+l 



S2 



If.. , ^ 1 \ 1 ^ 1 

— K(si + S2 - 1) - 2^ ^.,+.,-1 ] - 2 

^ m=l ^ m=iV+l 

oo -j^ oo ^ 



h+l2 + h + h, 



m=N+l m=N+l 



say. Since /4 absolutely converges for 0-2 > — M + 1 = —2/ and cri + (72 > —1, V2 
is continued meromorophically to (72 > —2/ and cxi + a2 > 1. Now, we regard 
S2 as a constant and set = [ti\. By Remark |2.H we have/i <^tl-'''-''\ Also 
we can easily obtain I2, 13, h ^ t\~'^^~'^^. This implies the lemma. □ 

Proof of Theorem M . 1\ for 3/2<(Ti + cr2<2. We set 

am = C{S2) 

for m G N. Then we have 



n=l 



S2 



1 — (72 



(C^2 ^ 1) 



log(m + 1) (0-2 = !)• 

Therefore, by setting c = 1 — (T2, c? = ((T2 7^ 1) and c = 0, (i = 1 ((T2 = 1) in 
Lemma [2.41 we have 



E 

m<ti 



dti = Cf'(2(Ti,S2)T+<( 



'(5^2-4-2.1-2.2 log _^ 1^3/2 < ai + (72 < 2) 

0((l0gr)2) (^2^1,(71 + (72 = 2), 

0(T2-2-Hlogr)3) (a2 = l,l/2<ai<l), 

[0((logTr) (ai = a2 = l). 



On the other hand, we have 



/W(T) 



E 

m<t\ 



^2-2<xi-2<x2^^^^^0|^^ ^ a„m-"i dti^ 
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by Lemma [3.1[ Since the second term is 0(1), we have 



J-l — (Tl— (T2 
''1 



E 



by the Cauchy-Schwarz inequahty. This imphes the theorem. □ 
Proof of Theorem M . 1\ for ai + cr2 = 3/2. Since C,{(t + it) <^ 1 for o" > 1, we 

^""^^ ^ C(l/2 + ^(ti+t2)) , 

C2(Sl, S2) = + 0(1) 

S2 - 1 

by Lemma 12. 5[ Therefore we have 

I^'KT) = £ |C(l/2 + z(ti + t2))\'dt, + O dt,^ + 

+o(^j^ \a^/2+i{t,+t2))\dt. 

Since we know that 



^ \ai/2 + it)\^dt = T\ogT + 0{T) 



holds (see Theorem 7.4 in [IQ]), we obtain the theorem by the Cauchy-Schwarz 
inequahty. □ 

4. Proof of Theorem 11.21 

In this section, we regard Si as a constant. We divide the proof into four 
cases. 

Proof of Theorem M.^ for a2 > 1 and ai + (J2 > 2. We set 

i 



1 ^ 1 

n<T2 ^ rri"^! 

m=l 

for n G N. We have 

oo ,n—\ \ \ \ °° 
C2(Sl, S2) = 5^ ( 5^ — 1 = 5^ 

n=2 ^m=l ^ n=2 



Since 

oo / n— 1 



^ ] ^ I Q-n I ~ 5^ ( 5^ ) ^2ct2-1 

n=2 n=2 ^m=l ^ 

converges by (12. 2p . we have 

/[2l(r) = C?(si,2a2)T + 0(l) 

by Lemma 12. 1[ □ 

We use the following lemma in the cases either o"i > 1, 1/2 < (72 < 1 or 
ai < 1, 3/2 < ai + (T2 < 2. 
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Lemma 4.1. Let Si = (Xi + iti, S2 = cr2 + iti ^ C with ^2 > 1- Assume that the 
point (si, S2) G does not encounter the singularities 0/(2(^1, 82) and Si 7^ 1. 
For (T2 > 0, 0"! + (T2 > 1 and any fixed Si, we have 



2<n<t2 ^m=l ' \^\2 



2"') (^1>1), 

(ai<l). 



Proof. Let / G N with o"i > — 2Z. First, we regard si and S2 as complex variables 
and assume ui, (T2 > 1. For any G N, we have 

(4.1) ^ E 

2<n<N ^m=l ^ n>N ^m=l ^ 

say. The first term IJ\ is obviously holomorphic in C^. By setting M = 21 + 1 
in Lemma [221 we have 

(4.2) 



Uo 



Z-^ \ Z-^ rn.si n^i / r),s2 



n>N ^171=1 



n>N 



n>iV n>Ar n>Af 

fc=l ^ n>N n>N 

c(^.) (c(^^) - E + (c(-'. + - 1) - E ^) 

^ 71=1 ' ^ n=l ^ 



M-1 



n>Af k=l ^ '' n>N n>N 

= h+ I2 + h + h + /s, 

say. Since Is absolutely converges for cxi > ~M + 1 = —2/ and di + (T2 > —1, 
U2 is continued meromorophically to (T2 > 0, cxi > —2/ and ai + (T2 > 1. Now, 
we regard si as a constant and set N = [^2]- By Remark |2.H we have Ii -C t^'^^ 
and /2 <^ ^2 Also we can easily obtain /s, /4, /5 <^ tg '^^"'^^. This implies 

the lemma. □ 

Proof of Theorem\T7E for either ai > 1, 1/2 < a2 < 1 or ai < 1, 3/2 < ai + (T2 < 2. 
We set 

n— 1 
m=l 



ON CERTAIN MEAN VALUES OF THE DOUBLE ZETA-FUNCTION 
for any n G N. Then we have 

'i (ai>i: 



13 



a„ < <j log(n + 1) (cti = 1^ 
(ai < 1] 



Therefore, by setting c = d = {ai > 1), c = 0,d = 1 {cxi = 1) or c 
1 — CTi, d = (o"! < 1) in Lemma 12.41 we have 



T 



n<t2 



-S2 



Cfl(si,2a2)r+ <( 



rft2 = 








-2-2 log 2-) 


{a, > l,l/2<a2 < 1), 


0((fo^ 




((Ti > 1,0-2 = 1), 


0(T2- 


-2-2 (log 2^)3) 


(ai = 1,1/2<(T2 < 1), 


' 0((fo^ 




(o-i = (T2 = 1), 




-2^1-2^2 lQg2-) 


((Ti < 1,3/2 < (Ti +(72 < 2), 






((Ti < l,ai + (T2 = 2). 



By the same argument as in the proof of Theorem 11.11 we can obtain the 
theorem from this evaluation. □ 

Proof of Theorem M for ai > 1 and 02 = 1/2. From the well-known relation 

(2(^1, S2) = C(-5l)C(-52) - (2(^2, Si) - C(S1 + S2), 

we have 

/P1(T)= ^\as^)aS2)\'dh+ f \Us2,S,)\Ht2+ f \aSl + S2)\'dt2 + 

O |C(51)C(S2)C2(S2, 51)^^2) + O |C2(S2, Si)C(Si + S2)\dt2 



+0^ \asi + s2)as,)as2)\dt2 

= Jl + J2 + J3 + Ja + J5 + ^6, 

say. Since we know that 

£ \aa + zt)\'dt = 0{T), 



|C(l/2 + zt)|2rft = TlogT + 0(T) 



hold for a > 1/2 (see Theorem 7.2 and Theorem 7.4 in [ID]), we have 

Jr = \asi)?T\ogT + 0{T) 

and J3 ^ T. Since J2 ^ 7" by Theorem ll.il we have J4, Je ^ T(logT)^/^ and 
J5 <^ T by the Cauchy-Schwarz inequality. Therefore we obtain 
J[21(T) = |C(si)pTlogT + 0(T(logT)i/2)^ 
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□ 

Proof of Theorem \l.S\ for (Xi + (72 = 3/2 and a 2 > 1/2. We have 

r \C2is2, s,)\'dh = , \,^ Tlogr + 0{T{\ogTY/') 
by Theorem 11.11 and 

''^ \asMs2)\'dh = 0{T). 



2 



From these evaluation, we can obtain the theorem by the same argument as in 
the last proof. □ 

5. Proof of Theorem 11.31 
We divide the proof into four cases. 
Proof of Theorem \1.3\ for (T2 > 1 and > 2. We set 

flfc = I I -; — 



m\k 
m<\/k 



for A; G N. We have 

C2(Sl,S2)= J] 



l<m<n ^ ' 

y{y—\- 

k>2 ^mn=k ^ 

y(y—)— 

k>2 ^ m\k ' 
m<\fk 

k>2 



Since 



k>2 k>2 ^ m\k ^ 

m<\/k 

converges by (12. 3p . we have 

J°(T) = C2°(ai,cr2)T + 0(l) 
by Lemma 12.11 □ 

We use the following lemma in the cases either o"i > 1, 1/2 < (72 < 1 or 
ai < 1, 3/2 < ai + aa < 2. 
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Lemma 5.1. Let cxi + cr2 > 1; cr2 > 0, si = cri + it and $2 = 0-2 + it. Then 

n-i { 0{t-''') {ai > 1) 

(2(51,^2) = 5^m-^^ + <^ 0(r-+^) {a^ = 1) 

n<t m=l [0(tl— 1— 2) (^ai < 1) 

holds for t >2. 



In order to prove Lemma I5.H we use the following lemma and corollary. 

Lemma 5.2 (Lemma 2.2 in [5]). Let s = o + it, \t\ > 1. For > > 1 

and a > —2m — 1, we have 

n<N k=l ^ ' 

^Q^^^2m+Xj^-a-2m~Xy 

•where the implied constant does not depend on t. 

Corollary 5.1 (Corollary 2.3 in [5j). Let s = a + it, \t\ > 1. For N > j\t\ and 
a > —3, we have 

n<N 

where the implied constant does not depend on t. 

The following proof is similar to that in [5] (section 4.1 Evaluation of 5*2 (si, S2)). 

Proof of Lemma{5J\ Let / e N with oi > -21. We use (14T1) and ( l42ll . Hence 
we obtain the analytic continuation of C2('Si,'S2) for 02 > 0, ui > —21 and 
ai + o"2 > 1. Now, we set si = cxi + it, S2 = C2 + it with t > 1 and N = [t]. 
Then we have 

«|C(3i)|r'^^ 

(ai > 1) 

for (72 > —3 by Corollary 15.11 Similarly, we have 

l-si\^si + S2-2 2 12 
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for (Ji + > —2. Since cxi + ct2 > 1, we have 

/, « t^-'^^-'^^ (j = 3,4). 

On the other hand, RmA^i) = 0(t*^n"''i"*^) for cti > -M by Lemma ESI 
Hence we have 

n>N 

This imphes the lemma. □ 

First, we consider the case ai > (J2. Especially, this condition is satisfied 
when o"i > 1 and 1/2 < a2 < 1. 

Proof of Theorem \1.3\ for (Xi > a2- If we set 



n-l 



m 

n<t m=l 



then we have 



T fT / ni-1 712-1 \ 

2 ^ni<t mi=l n2<t m2=l 

ni-1 n2-l nj- / \ it 

E E E E "r-™r-"r'™r' / (^) * 

2<ni<Tmi=12<n2<Tm2=l JM{m,n2) K^l^l / 

E E E %'''^r^^2'''^2"^(2^-M(ni,n2; 

mini=m2n2 l<mi<ni — 1 I<m2<»i2 — 1 
2<ni<T 2<n2<T 

+ E E E ^r'''^r"^^2"'''^2""^ 

mini^m2n2 l<mi<ni — 1 I<m2<n2 — 1 
2<ni<r 2<n2<T 



z log 



mini 

= SiT — 5*2 + 5*3, 

say, where M{ni,n2) = max(?T,i, 77-2). First, we rewrite 

^'■^ E ( E E ( E 

2<k<T ^ mn=k ^ T<k<T^ ^ mn=fc 

m<n<T m<n<T 



-5: E + E E 

k=2 ^mn=k ' k>T ^mn=k ' T<k<T'^ mn=k 

m<n m<n m<n<T 
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Since 



k>T^mn=k ^ k>T^m\k ' 



2 



k>T 



we have 

Next, we rewrite 

82= Y ^ 5Z nr"'m^"^n2"'r"2"W(ni,n2) 

m\n\=m2n2 l<mi<ni — 1 l<m2<"2 — 1 
2<ni<r 2<n2<T 

= E E E ^2-'^^^2-'^^ + E n,nr'm-,A 

2<k<T mini=k m2n2=k m2n2=k 

l<mi<ni I<m2<n2 l<m2<Ti2 

ni<"2 ni>n2 

+ E E ^P^r'( E ^2""^"^2"'+ E ^i^2""'^2""^ 

T<k<T^ mini=k m2n2=k m2n2=k 

mi<ni<T m2<n2<T m2<n2<T 

n\<n2 ni>n2 

= Ai + + A3 + A4, 

say. Since 



E E E ^2 

2<k<T m\n\=k ^ m2n2=k 

l<mi<ni I<m2<n2 



ni<n2 



5] J] mr'^^nr- 5^ fc^- 

2<k<T m\n\=k m2\k 
l<mi<ni m2<Vfc 



a 2 



2<k<T mi\k 
mi<Vk 



^ ^ j^l-2(72+e ^ 2i2-2(T2+e 
2<k<T 
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E E "T-'n;-" E 

2<k<T mini=k m2n2=k 
l<mi<ni I<m2<n2 
ni>n2 

2<k<T m\n\=k m.2\k 

l<mi<ni l<m2<Vfc 



712 "^2 



2 



^ E E ^r'^'^r'"'^^^ 



-^<ni 

7712 ~ 

-o-2+e 



2<fe<r mini=k 
l<mi<ni 

2<fe<T mi\k 
mi<\/fc 

< E ^-2a2 + l+e ^ y2-2.2+.^ 
2<k<T 



E E E 

T<k<T'^ mini=k m2n2=k 
mi<ni<T m2<n2<T 

n\<n2 

T<k<T^ mini=k m2\k 
mi<ni<T m2<Vk 
ni<-^<T 

"12 — 



1 1 ir) 



/ h. \ -l+cr2-o-i 

« E E ^r^%'^^^'"'^M^j 



T<k<T'2 mini=k 
mi<ni<T 



T<k<T^ mi\k 



-<Ti+cr2 



T<fc<T2 

2(Ti+e T-i2— 2iT2+e 



j.l-2(T2+2<Ti ^ ^-2(Ti+e ^ ji: 

r<fe<r2 



and 

E E E 



no m 



2 



T<k<T'^ mini=k m2ri2=k 
mi<ni<T m2<ii2<T 
n2<ni 
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T<k<T^ mini=k m2\k 

k_ 

T 



mi<m<T A<m2<v^ 



— <m2 
ni - 



/ U \ o'2-o-i 



T<k<T'^ mini=k 
mi<ni<T 



J2 E rnr'^}^"'"'"'^""'^' 

T<k<T'^ mini=k 
mi<ni<T 

(1 \ 1+0-1-20-2 

TOl<\/fc 



|T<mi 



■2o-2+e^-l-2o-i+2(T2 



T<k<T'2 mi\k 
mi<Vk 

-l-2(Ti+2o-2 



T<k<T'^ ^ ^ 

_ 2^1+20-1-20-2 ^ ^-2o-i+e 2^2-20-2+6 



T<k<T^ 



we have S'2 < T2-2o-2+e Next, we have 

^3= E E E 

mini^m2n2 l<mi<ni — 1 I<m2<n2 — 1 
2<ni<T 2<n2<T 

exp ("iT log («) - exp TiMlm , 712) log («) 



° \ mim / 

« E E E n-'^^m-^^n-'^^m-- 



mini<m2n2 l<mi<ni— 1 I<m2<n2 — 1 
2<ni<r 2<n2<T 



log f ^rM^2^ 

E EE ^r''^^r"'^2"''^^2"'^^ — ^ 



mini<m2n2<2mini l<mi<Tii — 1 I<m2<rt2 — 1 
2<ni<T 2<n2<r 



log f 



+ E E E "^""'^""^""'^''—k^ 

m2Ti2>2mini l<mi<ni — 1 I<m2<n2— 1 ^^Og I ) 

2<ni<T 2<n2<T 

= Si + ^2, 
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say. In order to evaluate B2, we write 



E E E ^^"^1 

m2n2>2mini l<mi<ni — 1 l<m2<«2 — 1 
2<ni<r 2<n2<r 

= E EE ^i^'rn^ 

m2n2>2mini l<mi<ni — 1 I<m2<n2 — 1 
2mini<r 2<ni<T 2<n2<T 

m2n2>2mini l<mi<ni — 1 I<m2<n2 — 1 
r<2mini<2T 2<ni<T 2<n2<T 

+ E E E ^r'^^^i 



m2n2>2mini l<mi<ni — 1 l<m2<™2 — 1 
mini>T 2<ni<T 2<n2<T 



— Ci + C2 + C3, 
say. Now, let j G N. If j < T then we have 



m2n2=j m2\i 
i<ri2<-' 



and if T < j < then we have 

E ^2'''' ^2"''' = E ^2 "'^"'j"''' 



m2n2=j m2\j 
I<m2n2<n2-1 i.<^„<,/7 

_ j—'Tl+erj-i<Tl—<T2 

Prom these evaluations, if we set 

1 - (T2 + e (c^i > 1), 



(5.1) A 

then we obtain 



2 - (Ti - £72 + e (cTi < 1) 



Ci« E E ^r^'^^-'^M E ^'1"''^'+ E 

2<fe<f \2k<ji<T T<j2<T2 

mi < 



2<k<^ mi\k 
m\<\/k 



2<k<^, 



^2-2^2+6 > 
2^3-^1-2^2+6 < 
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By the same argument, we obtain 



^<k<T rni\k T<j<T'^ 



■c 



If A is the same as in (15. ip then we obtain 



T<k<T'^ mi\k T<j<T^ 
mi <\/k 



cy\— (72 



T<k<T'^ mi\k 
mi<\/k 



T<fc<T2 



•c 



Hence, we have 



B2 < 



In order to evaluate -Bi, we rewrite 



5i= E EE 

m\n\<m2n,2<2m\n\ l<mi<ni — 1 I<m2<n2~l 
2mini<r 2<ni<T 2<n2<T 

+ E EE ^^""^1 

mi?ii<m2n2<2mi?ii l<mi<ni — 1 I<m2<n2 — 1 
f<mini<T 2<ni<r 2<n2<r 

+ E EE ^r"'"^i 



log 


/ m2n2 \ 


ymini J 




1 


log 


/ 7712^2 \ 


ymini J 




1 



2 2 

]„„ / rra2n2 

mini<m2n2<2mini l<mi<ni-l I<m2<ri2-1 I mmi 

mini>T 2<ni<T 2<n2<T ^ 



D1 + D2 + D 



3, 
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say. Now, we set n2 = '"^^^"'"^ ■ If '^2'^2 < T then we have 

1 



U2 /(-2 "-1 "n / 

' Inrr ( "2^2 

m2|mini+r 
m2<v^mTni+r 



< (mi^i + ry^^'^ i 

r 

and if 1712^12 > T then we have 



— CTi — (To — (Jo — (J^ 

rrir, ^rir, ^n, m. 



^2 11^2 1 ''t]^ 
— ' Incr f "2^2 

m2\mini+r ^"-"6 ^ ^^^i 



m2<v"H"i+7 



r <m2 



/ I \ — f7"2 1 — fji 1 — fjo 



m2\mini+r 
m2<\/m-i_ni+r 



-j: <m2 



From these evaluations and Remark 12.21 we have 



mi<-\/fc 



_^l-<72 



2<k<^ mi\k 

and 

E E E (*+'-)-"-^(;^)""^ 

^<k<T mi\k l<r<T-k ^ 
m\ <\fk 



,l-(Ji / _k 

+ E E E (^) (*+^) " 



^<k<T rrii\k T—k<r<k 
mi<\/k 



mi 



1— o"2 



= i?l + £'2, 

say. By Remark 12. 2[ we obtain 

£l< ^ J2 < ^ ^1-2.2+. ^ 2^2-2.2+. 



^<k<T milk ^<k<T 
mi<\/k 
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and 



-^<k<T rni\k T—k<r<k 
m\<\/k 



\<k<T mi|fe 
m\<\fk 



^ rp2—2<T2+t 

Hence, we have D2 ^ 2^2-20-2+^^ Lastly, we evaluate D^. By Remark 12.21 



D 



3 

^ ^ ^^...^^..^ ^ 6, \ 



2<ni<T 2<n2<T 

mini / X -0-2 

^ -'^l -<^2 -ai / "^1^1 \ "^1^1 



T<mini<m2n2<2mir!,i l<m,i<ni — 1 r=l r?i2|mini+r 
2<ni<T m2<\/m\n\+r 

^ y <m2 



m2 



T<mini <m2n2<2rriini l<mi<ni — 1 r=l 
2<ni<T 



T<fc<T2 mi|fc r=l 
|;<mi<v^ 

T<fc<T2 mi|fc 

|:<mi<v^ 

/ A- \ '^2-'^! 
< ^ ^1-^1-^2+e/ j 2"<7i-a2 

T<k<T^ ^ ^ 

T2-2-2+^ (ai > 1), 

2-4-2ai-2a2+e < 

Hence, we have 



This implies 



Therefore we have 



5i < 



^3« 



2-4-2ai-2a2+e (^^^ < 
y4-2ai-2a2+e < 



^''|A(si,S2)rrft = C2°(t^l,^T2)T+| 



0(T4-2-i-2a2+.) (^^ < 1)_ 
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Now, if we set 

(-(^2 (^1 > 1), 

A = < -0-2 + e (cTi = 1), 
[l - ai - (72 (cTi < 1) 

then we have 

|C(S1, S2)|'(it = r \A{su S2) + 0{t^)fdt 
2 J2 



^ \Aisi,S2)\^dt + o(^J^ \A{s,,S2)t^\d?j +0(1). 



By the Cauchy-Schwarz inequahty, we have 



^ \Aisi,S2)t^\dt<^ n \A{si,S2)\^dty n t^^dtj 



This imphes the theorems. □ 

Next, we consider the case ai < a2- 

Proof of Theorem \1.3\ for cti < a2- Hereafter we use the same notations as in 
the previous proof. First we evaluate 5*1. Since 

k>T ^mn=k ^ k>T ^ m\k ^ 

m< V k 



k>T 



k>T 

we have 

Next we evaluate 5*2. Since 

(5.2) m-'"in-'"2 ^ ^ ^<T2-<nj^-a2 ^ ^-1(^1+^2)+.^ 

mn=k m\k 
m<y k 



J2 rn'"„'-' = T « if.;:" 1 < 0) 

^ V 1 A;2(i--i--2)+^ (X2 - ai - 1 > 

mn=k m\k \ ^ ' 
m<yk 
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hold, we have 



{J2 A;-3(-i+-2)+^A;i-"2+^ (^2 - - 1 < 0) 

2<k<T 
2<k<T 

) 2<k<T 

I J2 k^'"''"''^' ((T2-ai-l>0). 

2<fe<T 



r ^ ^1-1-1-1-2+^ ((^2 - CTl - 1 < 0) 



We note that 1 — |o"i — |o"2 < —1 is equivalent to o"2 > — |cri + |- Hence we 
have 



Ai,A2 < 



2-2-iai-|a2+e - ^1 - 1 < and as < + |), 

1 (otherwise) 



because (Xi + (72 > 3/2. Similarly, we have 



{J2 k^-h^-h^+- {<J2-ai-l< 0) 
T<fc<T2 

2-4-^1-3^2+. - (Ti - 1 < and a2 < -\(Ti + |) 
1 (otherwise). 



Therefore we have 



^4-^1-3^2+6 (^^2 - ai - 1 < and aa < -|(7i + |) 
1 (otherwise) . 



Next we evaluate S^^. If we set 777.2^2 = j, by ( 15. 2 p and —1 < —\{cyi + (^2) < 
—3/4, we have 

2<fc<| mi|fc \2fc<i<r2 
mi<\/fc 

^ ji2-(Ti-(T2+e ^ ^ ^-f (CTi+CT2)+e 

2<fc<f 
^ J^3-|((Ti+o-2)+e 
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Similarly, we have C2 < T'^-U''^+'''i)+^ and 



T<k<T'2 mi\k \T<j<T^ 
^<mi<'\/fc 

T<fc<T2 
^ 2^4— 2(Ti — 2(72 +e 



((Ti+(T2)+e 



Since 4 - 2cri - 2(72 - (3 - |(a-i + 0-2)) = 1 - |(cri + 0-2) > 0, we see that B2 
rpA-2ai-2cr2+e j-^Q^g^ Now, we Set m2n2 = mirii + r (r G {1, 2, . . . , mini — 1 
Since x x log(l + x) for x G [0, 1], we have 



E 



m2'''n2'''ni''^mi'''- 



1 



Incr I "2-m2 
m2\ m.ini+r ^"-"6 

m2 |rrtini+r 



m2<v^7Mni+f 

< (mini + r)-5('^i+'^2)+^!!^i 1?:! , 

r 



From this evaluation and Remark 12.21 we have 



fc-i ^ 

A= E E E mr^^2'''^r''^r^ — 



^ — , 1 ,^ — ^ Incr I "2 '^2 

mini=k r=l m2\mini+r ^& I mmi 

2<A;<^ m2<Vrnini+r 
mi <ni 

< E E E('^+^)"'^''''"''^^'^ — ^i'"''' 

2<k<^ mi\k r=l 
mi <\/k 

< E E K'""''^'"^"''^"'^' 

2<k<^ mi\k 
mi<\/k 

2<fc<| 



-(Ti — (T2+e 



2<fc<f 



< T 



2 — (Tl— (72 
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Similarly, we have D2 ^ ""^ "'^ and 



fc-i 



n2m2 
nimi 



^ ^ '"-2 "'2 'n '"-1 

mini=k r=l m2\mini+r lo§ 

T<k<T^ m2<\/mini+r 
nil <ni 

< ^ ^1—1—2+. 

T<fc<T2 
^ ji4— 2o-i— 2(T2+e 

Therefore we have Bi < T4-2<7i-2a2+.^ g^^^ j^g^^g ^ 2.4-2ai-2a2+£_ gj^^g 
4 — 2(Ji — 2(72 — (4 — 0"! — 3(72) = cr2 — c"i > 0, we have 

By the same argument as in the case ai > (J2, we obtain the theorem. □ 
Proof of Theorem \1.3\ for o"i > 1 and 01 = 1/2. Since 

J^^<\a^ + ^t)\<aa) 
for (7 > 1 (see [lO]), we have 

\C{si)a-S2)\'dt^TlogT. 



We have proved 



£ \C2{s2,s,)\'dt = OiT) 



in this section. From these evaluations, we can obtain 

/°(T) xTlogT 

by the same argument as in the proof of Theorem 11.21 for ai > 1 and (72 = 
1/2. □ 
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